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It is well known that every Boolean algebra (B, v,. ,‘,O, 1) can be made into 
a Boolean ring (B, +;, 0,l) where x+y=xy’ v x’y for all x,yeB. Every Boolean 
function f: B”-+B can be written in its polynomial canonical form 
f(X13 ...> XD)= C US n xi3 (1) 
SGN ieS 
where N={l,..., rr$ (and a0 is the constant term of the polynomial). 
Parker and Bernstein [l] have studied systems of linear equations in Boolean rings 
and have used the ring structure in order to obtain conditions for a Boolean equation 
to have a unique solution. In particular they proved the following. 
Theorem 0. The following are equivalent for f given by (1): 
(i) The Boolean equation 
f”(x 1, . . ..x.)= 1 
has a unique solution; 
tii) &cN(nScTrN aT)fls8vsN ‘b= k 
(iii) uN = 1 and a,, T = aSaT for every S, Tc N. 
(2) 
Proof. See [l] or Theorem 6.9 in [2]. 0 
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However the unique solution is not actually found in [1] or [2]. We fill this gap in 
the following. 
Theorem 1. If the Boolean ring equation (2) has a unique solution, then this solution is 
Xi=& li) (i= 1, . . ..n). (3) 
Proof. It follows from (iii) that if S c T then aS=aSaT, that is us<a,. Therefore 
rI aT=as. 
SCTGN 
(4) 
Besides, for every VE N such that S $5 V there is iES\ V, hence Vc N\{ i}, therefore 
ah (i) <a;. Multiplying these inequalities for a fixed S, all Vsuch that S $ VG N and all 
iES\V, we obtain 
(5) 
because each igS occurs whenever VsN\{ i}. On the other hand 
n ak<n Q’N (ii (6) 
S$VrN ieS 
because the sets N\{ i} are some of the sets V. 
Now (5) and (6) imply 
rI a\,= n ak (i)? 
S$VCN itS 
(7) 
while (ii), (4) and (7) yield 
sIINas~aX{iI=l 
C 
completing the proof. 0 
We write down explicitly some of the above formulas for n = 1,2,3, simplifying a bit 
the subscripts and taking into account the following remark: the equality asnr = asaT 
holds trivially for S = T and follows from aN = 1 for S = N or T= N. 
For n = 1 equation (2) is written in the form a, x + a0 = 1 and has a unique solution 
iff a, = 1; the unique solution is .x = a;. 
For n = 2 equation (2) is written in the form 
alzxy+a,x+azy+a,= 1 
and conditions (iii) reduce to uI2 = 1,a,a2=a,,aIaO=a0 and a2ao=ao. The last two 
conditions express the inequalities a0 <a 1 and a, G a2, respectively, so that the second 
condition is equivalent to aI u2 < a,. The unique solution is x = a;, y = a;. 
For n = 3 equation (2) is written in the form 
a12,xyz+u23yz+a13xz+a12xy+aIx+azy+ajz+ao= I, 
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conditions (iii) are uiz3 = 1 and ... (left to the reader). The unique solution is 
x=a;3,y=a;3,z=a;,. 
One of the referees made the following remarks: 
(1) Condition (iii) implies that a0 < a, for all S c N. 
(2) The solution (3) depends only on N of the 2N coefficients so long as the 
conditions are met. It could be interesting to investigate those classes of Boolean 
equations whose solutions depend on only a small subset of the coefficients. 
The author wishes to thank both referees for the above and other helpful remarks. 
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